Abstract After the flood disaster of 1953, the Netherlands adopted a rational approach to flood risk management with the use of protection standards determined by means of costbenefit analysis. Due to scientific and political developments that have recently taken place, an update of the Dutch protection standards is being undertaken. One of the major priorities considered, is the need to address three issues, namely: (1) expressing the protection standards as failure probabilities of the flood defences, i.e. probabilities of breaching, instead of exceedance frequencies of water levels that is currently the case, (2) taking into account a spatial variability of those failure probabilities, and (3) considering various flooding scenarios. These aspects have been comprehensively addressed within a national flood risk analysis project, and partly considered in a numerical cost-benefit analysis approach, developed for the determination of new protection standards in the Netherlands. This paper presents an analytical economic optimization approach that makes an explicit link with all results of the national flood risk analysis project. In particular, an approach is outlined for the approximation of economically optimal design values of the failure probabilities along dyke-ring segments, which are treated as a series system of flood defences. The approach can assist in the determination of new protection standards in the Netherlands, but also in the design of flood prevention systems elsewhere.
deal with them as risks that can be assessed and effectively reduced. As different people find different risk characteristics meaningful (Slovic 1999) , safety regulations feature a variety of risk metrics (Bedford and Cooke 2001; Jonkman et al. 2003) , ranging from individual risk to probability-weighted sums of non-linearly valued consequence types (Jongejan et al. 2012) . These metrics can be utilised on the basis of different rationales, such as the precautionary principle (see, e.g. Barrieu and Sinclair-Desgagné 2006; Gollier and Treich 2003) , risk-risk comparisons (see, e.g. Cassini 1998 ), or maximization of net economic benefits (see, e.g. Arrow et al. 1996; Pearce and Nash 1983) .
The Netherlands has developed a flood risk management policy based on an economic rationale. After the flood disaster of 1953, when a large area of the south-western part of the country was flooded and more than 1800 people lost their lives (Gerritsen 2005) , the so-called Delta Committee was installed by the government, whose main purpose was to coordinate actions towards a drastic reduction of flood risk. A key element of the Delta Committee's recommendations, which formed the foundation of the current flood risk management policy in the Netherlands, was the determination of protection standards for all major levee systems in the country defined in terms of exceedance frequencies of water levels, and derived by means of cost-benefit analysis. In that analysis as optimal protection level the one minimizing the total cost in the system during its lifetime was considered. This consisted of the cost of investment in the improvement of the flood defences and the expected losses after this improvement (Van Dantzig 1956) , including human losses in monetary terms. The value of human losses was then determined based on estimated stock values of human capital (see, e.g. Petty 1690; Folloni and Vittadini 2010) , while for future practices the method of valuation of statistical life and injuries (VOSL) is contemplated (Vrijling and Van Gelder 1997; Bockarjova et al. 2012) . Other intangibles such as ecological and cultural consequences were not taken into account at the time, and although they can have a considerable effect on the results of the analysis, they are not explicitly tackled in this paper. The protection standards per dyke-ring were legally mandated in 1995 (Fig. 1) .
Since significant investments of capital were required for the reduction of flood risk in the Netherlands of the 1950s, which included a shortening of the Dutch coastline of about 700 km with the closure of all major estuaries, it is reasonable that the Dutch decided to commit to an economic approach. Not balancing safety against its actual cost could have proven harmful for the national welfare. After the financial failure of Betuweroutea railway project in the 1990s that cost more than twice its initial budget, the use of cost-benefit analysis became mandatory for all public investments in the Netherlands (Huizinga 2012) . This effectively means that the rationale adopted in the 1950s is not likely to be substantially changed in the coming decades.
Scope of this paper
Despite the successful implementation of the recommendations of the Delta Committee, weaknesses have been identified in several parts of the approach for the determination of flood protection standards, and have been pointed out by Dutch experts in the field (e.g. Vrouwenvelder and Struik 1991; Jongejan 2008; Ten Brinke and Bannink 2004; Kind 2013) . Acknowledging the need for improvements, the Dutch Government has initiated a process of revising the protection standards. Based on recommendations of the Second Delta Committee (2008) and the National Water Plan (2009), the priority points for revision have been set. Among others, three issues regarding the probabilities that are identified as protection standards are addressed. The first is that these probabilities refer to exceedance frequencies of water levels, which are directly related to the probabilities of overtopping. Overtopping is the event that the water level exceeds the crest level of the dyke, causing flooding in the protected area, and it is only one out of many failure modes of a dyke (see, e.g. Brandl and Szabo 2013) .
The real failure probability of a dyke is an aggregate value that depends on all failure modes. The second issue is that only one protection standard is assigned along the entire length of the dyke-ring. Yet, exceedance frequencies of water levels and other load and structural resistance properties can vary along this length, leading to a spatial variation of its actual failure probability. This affects the optimal level of protection, hence also the accuracy of the protection standards. The third issue is that the worst case scenario of damage is used in the economic optimization process. This means that in any flooding event total damage is considered to occur in the dyke-ring area, which is not the case. The above issues have already been addressed within a nationwide flood risk analysis project in the Netherlands, but only partly considered in a cost-benefit analysis model that is being contemplated for the determination of new protection standards (see also section 2). This paper presents an economic optimization for dyke-rings that addresses the three aforementioned issues. The basic objective is to introduce a procedure that can assist analysts in dealing with these issues, when opting for cost-efficient designs of flood prevention systems, within the scope of flood risk mitigation and adaptation strategies. In particular, an analytical approach is outlined for the approximation of economically optimal design values of the failure probabilities along dyke-rings. The dyke-ring is treated as a system of separate dyke-segments that may interact with each other. For every segment, a different design failure probability is assigned, i.e. a different protection standard. Depending on the desired level of accuracy and the availability of data, the analyst may decide along which length to assign one failure probability. In the Dutch case, choosing to derive one optimal failure probability per consequence-segment, i.e. a dyke-segment along which any failure induces the same consequences, a straightforward link with the results of the national risk analysis project is achieved.
Recent developments in the Dutch flood risk management
Within the past decade, some important scientific and political efforts took place in the Netherlands that set a strong basis for the formulation of a new flood risk management policy, and for the determination of new protection standards. The most important among them are summarized in this section.
Flood risk analysis-the VNK2 project
In 2006, the Dutch Ministry of Infrastructure and Environment, the Regional Water Authorities and Provincial Authorities took the initiative for a fully-probabilistic risk assessment of all major levee systems in the Netherlands . This analysis was commissioned within the framework of the Flood Risk in the Netherlands 2 (VNK2) project (Veiligheid Nederland in Kaart or VNK2 in Dutch). In VNK2, a predefined procedure is used for the calculation of flood risk in any place in the Netherlands that is protected by flood defences. The flood defence system is divided in statistically homogeneous sections, and annual failure probabilities are calculated per section for each possible failure mechanism. Combining the probabilities of all failure mechanisms and homogeneous sections, the probabilities of occurrence of possible flooding scenarios are calculated. In each flooding scenario, consequences are estimated in terms of material damage and number of casualties. Based on failure probabilities and consequence estimates, various risk metrics are calculated. These include the total expected values and spatial distribution of economic damage and number of fatalities, the probabilities of floods with severe social consequences (i.e. societal risk), and the probabilities of death of individuals (i.e. individual risk). More information about the VNK2 project and the methods that are used within its framework can be found in relevant literature (e.g. VNK2 project office 2012; Vrouwenvelder 2006; Van Manen and Brinkhuis 2005) . The VNK2 project was completed in October 2014, and its results are now available to the Dutch public. Among the opportunities that the VNK2 offers for informed decision-making and future research is the possibility to incorporate its results in the procedures to derive new protection standards. These procedures comprise not only the economic optimization itself, but also the control of compliance of its results with individual and societal risk thresholds determined by the Dutch Government (Jonkman et al. 2011) . In case of non-compliance, additional investments to those indicated by the economic optimization will need to be implemented.
Cost-benefit analysis-the OptimaliseRing model
A cost-benefit analysis approach has been developed for the determination of new flood protection standards in the Netherlands. This approach comprises a dynamic economic optimization that indicates not only the optimal investment in dyke improvements, but also the optimal time intervals between consecutive investments (see, e.g. Vrijling and Van Beurden 1991; Eijgenraam 2005) . A numerical model called OptimaliseRing has been developed in the Netherlands for the performance of this optimization, which was applied in all dyke-ring areas (Kind 2013) . In that analysis, insights from VNK2 were used, leading to a successful transition from optimal exceedance frequencies of water levels to optimal failure probabilities, and incorporation of various damage scenarios. However, the model is less comprehensive with respect to spatial variability, as it considers a full correlation of failures along dyke-segments that can be hundreds of kilometres long. In order to reduce the effect of spatial variability, it has been recently suggested to determine protection standards along smaller dyke-stretches (see, e.g. Alberts et al. 2014) . These dyke-stretches are optimized using the same principles as those of OptimaliseRing (Deltaprogramma 2013) , which means that a full correlation of failures along their length is still considered.
Failure of flood prevention systems
Dyke-rings are systems of structures for the prevention of flooding. From a reliability engineering perspective, they are series flood protection systems. By definition, series systems fail if any one of their components fails (Joanni and Rackwitz 2008) . In order to determine the failure probabilities of the dyke-ring components, which are here defined as probabilities of breaching, the hydraulic load events that they are subject to and their structural resistances need to be determined. In order to determine the risk of flooding in the dyke-ring area, the consequences associated with the failure of every dyke-segment need to be determined. This section provides some insight into the failure probabilities of dyke-segments, the consequences that they can induce, and how these determine the risk of flooding in the protected area.
Failure probabilities of homogeneous sections
The failure probability of a dyke-segment i is the probability that its limit state function Z i becomes lower than zero:
Where, R i =structural resistance of segment i, S i =hydraulic load on segment i. The values of hydraulic load and structural resistance usually depend on various variables. The probability distribution functions of those variables determine the probabilities of failure of dyke-segments. A dyke-section along which load and resistance variables are described by a set of constant averages (Vrouwenvelder 2006) , i.e. the failure probability is virtually identical along its length, constitutes a so-called homogeneous segment. The failure probability P i of such a segment depends on the failure mechanisms of the section and the degree of statistical correlation among them. Assuming that the occurrence of any failure mechanism leads to a breach, the failure probability of a homogeneous section for independent and dependent failure mechanisms is given in Table 1 . For information on the failure probabilities of systems with parallel components or a mixture of series and parallel parts, see, e.g. Nowak and Collins (2000), or Kanning (2012) .
In reality, the formulae in the table constitute an upper and a lower bound of the failure probability of the dyke-section, because the failure mechanisms can be partially correlated. This is due to the existence of common random variables in their limit state functions, e.g. hydraulic load variables and soil properties. A typical example of a correlation between failure mechanisms is the one between overtopping and piping, which both strongly depend on the water level (Sellmeijer 1988; Bligh 1915) . The degree of correlation between different failure mechanisms can be described by means of appropriate correlation functions (see, e.g. Abrahamsen 1997 ). The correlation functions can be determined on the basis of measured data about load and structural resistance properties of dykes that failed or survived in the past (see, e.g. Schweckendiek and Kanning 2009), in combination with experts' judgements (see, e.g. Möllmann and Vermeer 2007). Since relevant data are usually scarce, experts' judgements are almost always necessary.
Failure probabilities of heterogeneous segments
The failure probabilities of longer, heterogeneous dyke-segments k can be derived in a similar manner as the failure probabilities of homogeneous sections i. The formulae for dependent and independent sections i are presented in Table 2 . These equations refer to any type of serial components that can be present in a dyke-ring and not only to dyke-segments, such as stormsurge gates and sand dunes. They could therefore be applied in any series flood protection system for the calculation of its failure probability.
Due to imperfect correlations between homogeneous sections, the failure probabilities of Table 2 are again an upper and a lower bound. In particular, the correlation between the failures of two locations in a dyke-ring decreases as the distance between them increases. Consequently, the failure probability of a segment k increases with its length (Schweckendiek et al. 2013 ).
Consequence patterns
In order to determine the risk of flooding associated with the failure of a dyke, the area that is affected by the failure and the resulting damage need to be determined. This determination can be done based on the results of flood simulations and land use data in line with the procedure followed in the Dutch VNK2 project. More specifically, the flood simulations can provide information on inundation depths, flow velocities and rise-rates, while the land use data indicate the economic value and population density in the dyke-ring area. The degree of damage and mortality can be estimated on the basis of dose-response functions (see, e.g. Jonkman 2007). The above-described procedure is a universal approach that could be used in any area protected by flood defence structures worldwide. How detailed and accurate such an analysis can be will always depend on the availability of relevant data. The Dutch have invested heavily in the acquisition of all information necessary for a detailed analysis, which is Table 1 Failure probabilities of homogeneous dyke-sections i, where m=number of failure mechanisms in segment i, and P j =prob-ability of failure mechanism j Independent failure mechanisms
not the case in the majority of countries with flood-prone areas. In order to apply the same procedure in other countries, experts' judgements on missing data may be necessary. The consequences of a dyke breach can vary depending on properties of the loading event (e.g. water level; duration of loading), and on how the breach develops over time. These parameters affect the flooding properties, i.e. the inundation depths, flow velocities, etc. In this analysis, a constant value of the total consequences per dyke-segment breach is considered, which represents a weighted average of all existing loading scenarios that can induce breaching.
The spatial distribution of consequences can also vary, depending on the morphology of the protected area. If the dyke system protects a very small and relatively flat area, breaching of any section i within a dyke system may lead to identical distribution of consequences in space. If there are secondary dykes, the spatial distribution of losses is different when they fail. The effect of secondary dykes is not taken into account explicitly in this paper, but it is assumed that their failure or non-failure can be considered as a separate inundation scenario that can be taken into account in a weighted average of the consequences.
The consequence patterns that can occur after the breaching of different sections i within a dyke-segment k can be classified in three categories: (1) identical consequences, (2) overlapping consequences, and (3) non-overlapping consequences (Fig. 2) . The superposition of consequences due to breaching of different dyke-sections is shown in the final row.
Flood risk
By combining failure probabilities with consequence patterns, the risk of flooding can be calculated. The risk formulae given independence and dependence of the homogeneous segments i, are presented in Table 3 .
Economic optimization of a fictitious dyke-ring
In this section, the above-presented theory is used for the economic optimization of a fictitious dyke-ring that consists of two homogeneous sections i. The purpose of this example is to show the principles of an economic optimization in simple series flood protection systems, which is important for understanding the optimization of real dyke-rings that is introduced later on in this paper. The fictitious dyke-ring is optimized for the cases in which the failures of its sections are either statistically every case three sub-cases are studied, which refer to the three types of consequence patterns. Such a dyke-ring constitutes a simplified version of the real dyke-rings. For this case, Fig. 2 is reduced to the schematization of Fig. 3 , dependent or statistically independent.
The analysis refers to a planning period of t p years, and assumes that investments are only made at t=0. Throughout the planning period an increase of the hydraulic load due to climate change is considered, as well as a constant economic growth. The outcome of the analysis is the optimal failure probabilities of the two segments per year, for which the total cost throughout lifetime is minimized. 
Total cost function
The total cost in the system throughout lifetime is given by the following equation:
Where, I i =investment cost for improvement of section i, R=sum of annual expected losses in the dyke-ring in a time period t p , and PV=present value operator. Table 3 Risk of flooding associated with the failure of heterogeneous dyke-segments, where h=number of homogeneous dyke-sections i in a segment k with h≥2, P i =failure probability of section i, V=losses due to failure of any section i (Fig. 2a) , V i.i =losses in area affected only by failure in section i (Fig. 2b) , V i.i+1 =losses in area affected by failures in both section i and i+1 (Fig. 2b) , V i =damage induced by failure in section i (Fig. 2c) 
Dependent sections i Independent sections i
Identical consequences
Non-overlapping consequences
The cost of investment in a dyke-segment i (I i ) can be approximated with a logarithmic function of its failure probability (P i ). Modelling the investment cost as a function of the failure probability is an approach that has been presented in detail by Voortman (2003) . In this method, the costs of measures against different failure mechanisms, and the degree that they reduce the failure probability of dyke-segments, are explicitly taken into account. This approach greatly facilitates our analysis, as it allows expressing the total cost as a function of the failure probabilities of dyke-segments. The choice of a logarithmic correlation between investment cost and failure probability is based on the fact that failure probabilities are highly correlated to the water levels (see, e.g. Bischiniotis 2013; Tsimopoulou 2010), whose frequency can be well described by extreme value distributions, including the exponential distribution (Walton 2000; Gumbel 1954) . A prerequisite for such a logarithmic correlation is that the investment cost increases linearly with the increase of the crest level of the dyke. This is a working assumption that facilitates an analytical solution to the optimization problem. A more accurate cost function requires that the optimization problem be solved numerically. In any case, the effect of this assumption on the final result can be tested by means of sensitivity analyses. The investment cost function of a segment i can be written as follows:
Parameter a i expresses the marginal variation of the investment cost for a marginal decrease of the failure probability and it is by definition positive. Parameter b i has no physical meaning, as it represents the value of I i for which the failure probability is equal to one. Following a simple algebraic reasoning, parameter b i proves to always be negative. The above investment function is only valid for values of P i that are smaller than the failure probabilities of the dykes today (P 0.i ). It is noted that the investment function is stationary. This means that P i and P i.0 refer to the failure probabilities of the dykes at t=0.
An example of this type of investment cost functions is presented in Fig. 4 . The curves refer to the sea dykes of Ommelander and the Eems Harbour in the province of Groningen in the Fig. 3 Overview of studied cases Netherlands, which have been fit to data derived by Voortman (2003) , using the method of least squares. The used data concern the correlation between investment costs and failure probabilities of the two dyke-stretches.
The expected losses in a dyke-ring can be expressed as:
Where t p =lifetime of the investment, P t =failure probability of the dyke-ring in year t, V t = discounted losses due to failure in year t. Throughout the lifetime of the system, the reliability of the dyke-ring areas decreases due to the joint effect of climate change and structural deterioration. The combination of increased water levels due to climate change, and subsidence of the subsoil determines the increase of the annual probability of water level, which is the variable with the highest effect in the annual failure probability of a dyke-segment. For this reason, the failure probability of the system in year t is calculated taking into account the joint effect of increased water levels and subsidence only, according to the following equation:
Where, P 0 =failure probability of the dyke-ring at t=0, α = weighted average of the scale parameters of the exponential distributions that the relative increase of water 
Where, L i =length of segment i, L=total length of the dyke-ring, α i =scale parameter of the exponential distribution of water levels in front of segment i, η i =relative increase of water level in front of segment i. The economic value of the protected area increases over time too, due to economic growth. The losses due to failure of the system in year t are given by the following equations:
Where, V 0 =economic losses induced by the failure at t=0, γ=annual economic growth, and r=annual discount rate. For a dyke-ring in the Netherlands, the economic losses taken into account in Eq. 8 refer to the sum of the estimated economic value of material assets in the flooded area, the estimated indirect losses caused by the interruption of business activities due to flooding, and the value of human life expressed in monetary terms.
Substituting Eqs. 5 and 8 into Eq. 4, the expected losses in the system become:
Where, R 0 =risk in the system at t=0, and τ=present value multiplier:
Optimal failure probabilities
The failure probabilities P 1 and P 2 of the segments that minimize the total cost function (Eq. 2) can be derived through a second derivative test (Stewart 2008) . First, the critical points of the cost function need to be found, which are those satisfying the following condition:
In order for a critical point (P 1.cr , P 2.cr ) to minimize the total cost function, i.e. to be the optimal solution, the following conditions need to be satisfied: 
For dyke-rings with more than two segments, optimal failure probabilities can also be derived analytically following a similar procedure. In those cases, the optimal solution is found again among the critical points of the total cost function, for which the Hessian matrix becomes definite positive (Horn and Johnson 1990).
Following the above-presented analytical procedure for the three types of consequence patterns, the optimal failure probabilities in the three cases are derived. These results together with the appropriate values of expected losses in the total cost functions are presented in Table 4 . In this table, a 1 , a 2 =marginal costs of dyke-segments 1 and 2 respectively, V, V 1 , V 2 , V 1.1 , V 1.2 , V 2.2 =economic values in the dyke-ring as indicated in Fig. 3 , and τ=present value multiplier. It is remarked that in the case of identical consequences and independent dykesegments, the last term of the expected losses (P 1 P 2 Vτ) was neglected in the cost-optimization. The value of this term is usually negligible when compared to the other terms (P 1 V, P 2 V), for failure probabilities in the order of 10 −3 or lower. This is further explained in a latter section. The results of Table 4 show that, in all studied cases, the optimal failure probability of any segment i is proportional to the ratio of marginal costs over the economic values that will be in danger if segment i fails. Comparing the results for dependent and independent dyke-sections, the optimal safety level proves to have a uniform value along fully dependent segments, which is not the case for independent segments. In reality, dyke-segments are not fully correlated, and the degree of correlation decreases as the distance between them increases. This means that the optimal protection level varies along the length of a dyke-ring. These conclusions have also been validated for dyke-rings with more than two segments, in which case the optimization formulae are similar to those of Table 4 . Table 4 Overview of optimal failure probabilities in a dyke-ring with two homogeneous sections Dependent sections i Independent sections i
Identical consequences
Expected losses L system max{P 1 ,P 2 }Vτ (P 1 +P 2 −P 1 P 2 )Vτ
Optimal failure probabilities 
Non-Overlapping consequences
Expected losses L system max{P 1 ,P 2 }(V 1 +V 2 )τ (P 1 V 1 +P 2 V 2 )τ
Optimal failure probabilities (P 1 ,P 2 ) opt
The formulae for optimal values of Table 4 refer to the failure probabilities of the two dykesections in the beginning of the planning period, after implementation of the optimal investment. The optimal value formulae are the design failure probabilities. These actual probabilities will increase over time due to the joint effect of climate change and structural deterioration, as shown in Fig. 5 . The expected failure probability at any year t after implementation of the optimal solution can be calculated as follows:
5 Applicability in the Dutch dyke-rings
The above-presented analytical optimization approach provides insights that can assist in the determination of economically optimal design requirements of real series flood protection systems. For the Dutch dyke-rings for example, the above-presented principles allow for the determination of economically optimal protection standards using all information provided by the VNK2 project (e.g. Vergouwe and Van den Berg 2013) . This section discusses the transition from a fictitious case to the optimization of real dyke-rings in the Netherlands, addressing a number of points where special attention is required. The relevant information for dyke-rings that the VNK2 project provides is summarised below:
1. Homogeneous segments i in the dyke-rings, and their current failure probabilities (P 0.i ); 2. Consequence-segments k, i.e. dyke-segments along which failures lead to virtually identical consequences. Usually, these segments consist of several homogeneous sections; 3. Material damage and loss of life due to failure of each consequence-segment (V k ); 4. The most probable flooding scenarios s, i.e. combinations of failures of consequencesegments and their probability of occurrence (P s ).
Choice of spatial scale
In practice, a suitable spatial scale of optimization needs to be chosen. That implies determining along which length of the dyke-ring a single design failure probability applies. Currently, Fig. 5 Expected increase of the failure probability over time (P i.0 =failure probability of dyke-section i before implementation of the optimal investment, P i.0′ =failure probability after implementation of the optimal investment, and P i.tp =expected value of the failure probability in the end of the planning period) one protection standard is assigned per dyke-ring. With the VNK2-information, design values can be derived for smaller dyke-segments. The most accurate level is reached by assigning one design probability per homogeneous section, as in the above-presented fictitious example. The investment cost can then be expressed as a single function of the failure probability of a segment, as presented in the previous section. Nevertheless, such an approach is less attractive from a practical point of view, because there can be numerous homogeneous segments in a dyke-ring, in the order of 50-100, resulting in an equal number of different protection standards. The transition from one to many different protection standards within the same dyke-ring can create difficulties in other policy domains, where those standards would normally be used to facilitate decision-making, such as land use planning or determination of land prices. Hence, it would be wise to keep the number of standards per dyke-ring limited. Determining standards on the level of consequence-segments could give a good balance of practicality and accuracy. Regarding practicality, the number of standards per dyke-ring would be reduced to 10-20, which is a considerable improvement. Accuracy is not expected to be undermined if the homogeneous sections within a consequence-segment are highly correlated. Since any failure within a consequence-segment has the same consequences, a high degree of correlation between its sections would mean that their optimal failure probabilities are about equal (see Table 4 ), leading to a uniform optimal failure probability along the consequencesegment. In case of weak or no correlation though, the optimal failure probability will not be uniform, hence an average value, probably less accurate, will need to be assigned. We suggest approaching this problem by defining an average function of the investment cost for each consequence-segment and its failure probability, using the line of thought of Voortman (2003) . From a practical point of view, defining investment cost functions on the level of consequencesegments will allow a cost-optimization directly on this spatial scale, hence direct use of the flooding scenarios of VNK2.
Total cost function
The total cost in a real dyke-ring area can be expressed as in the fictitious case of Section 4, i.e. as the sum of investment costs and residual risk. Yet, two important differences, which affect the economic optimization process, must be highlighted. First, the dyke-ring needs to be considered as a series system the units of which are the consequence-segments and not the homogeneous sections. This means that the consequence-segments must be treated as homogeneous entities, with uniform failure probabilities along their length. The second difference relates to the flooding scenarios. While in the conceptual analysis the dyke-ring consisted of two segments only, a real dyke-ring consists of multiple segments, hence flooding can occur due to numerous combinations of segment failures. The probabilities of these joint failures have been determined in VNK2 as mutually exclusive scenarios . This means that the occurrence of one scenario precludes the occurrence of another. Given these deviations, the total cost can be expressed as:
Where, n=number of consequence-segments in the dyke-ring, m=number of flooding scenarios, I k =investment cost in consequence-segment k, P s.j =probability of scenario j, V s.j =eco-nomic losses due to occurrence of scenario j, and NPV=net present value operator. In the above equation, both investment cost and expected losses can be expressed as functions of the failure probabilities of consequence-segments (P k ). Investment costs I k can be approximated by logarithmic functions of the failure probabilities P k (see Eq. 3). As for the expected losses, the probability of a scenario j (P s.j ) is a function of the failure probabilities P k of the consequence-segments whose failures contribute to this scenario. The procedure to analytically derive the relationship between a scenario probability and the failure probabilities of the corresponding consequence-segments is shown here for a dyke-ring with two segments, as in the previous section. In this system, there are three possible flooding scenarios: (1) failure of segment one only, (2) failure of segment two only, (3) combined failure of segments one and two. Mutual exclusivity means that each scenario occupies a different area in a probability space of failure, as shown in the Venn diagram of Fig. 6 . The coloured space of the diagram is equivalent to failure, i.e. flooding, while the white space corresponds to non-failure.
Denoting the limit state functions of segments 1 and 2 with Z 1 and Z 2 , respectively, the scenario probabilities can be expressed as shown in Table 5 (third column). In order to respect mutual exclusivity of scenarios, the consequence-segments whose failures contribute to the same scenario need to be statistically independent, or partially correlated. The mathematical expression of the probabilities of scenarios given statistical independence among the contributing consequence-segments is also given in Table 5 (fourth column). For partially correlated segments, there are no analytical formulae available, but they could be approximated.
The above-presented principle for deriving the relationship between scenario probabilities and failure probabilities can be applied in systems with more segments, yet the number of scenarios increases geometrically when the number of segments increases, making the scenario probability formulae rather complex.
Optimal failure probabilities
Since investment cost and expected losses can be expressed as functions of the failure probabilities P k of the n consequence-segments in a dyke-ring, the total cost is also a function of n failure probabilities. Substituting Eq. 3 and the values of Table 5 into Eq. 15, the total cost function for the dyke-ring with two segments can be written as:
Where, V s.1 , V s.2 , V s.3 =economic losses in flooding scenarios 1, 2, 3 respectively. In the case of the Dutch dyke-rings, the current failure probabilities of the dykes are in the order of 10 . This implies that the terms containing the product P 1 P 2 in the above Fig. 6 Schematization of mutually exclusive flooding scenarios in a Venn diagram equation are expected to be about 1000 times lower than the others, unless multiplied by a value V s.j that is 1000 times higher than corresponding values in the other terms. This effectively means that losses induced by combined failures of consequence-segments need to be more than 1000 times larger than those of individual failures in order for those terms to be meaningful. A check of the VNK2 results for all dyke-rings in the Netherlands (Rijksoverheid 2014) showed that the factor of increase of economic losses, when going from individual to combined failures, is in most dyke-rings less than 20. The highest value of this factor was detected in dyke-ring 14, where it was found to be equal to 780, a value that does not invalidate the application of this method. Since in all dyke-rings the factor of increase of economic losses is lower than 1000, the terms containing the product of two or more failure probabilities of consequence-segments can be safely omitted from the total cost function. Omitting those terms and substituting Eq. 9 into the present value operator, the total cost in the dyke-ring with two segments becomes:
The values of P 1 and P 2 that optimize this function are:
If the economic losses in the denominators of Eq. 18 are substituted by their equivalent losses from Fig. 3 , Eq. 18 proves to be identical to the formulae of Table 4 . This shows that as long as the combined failures do not increase the economic losses by a factor 1000 or more, taking them into account is not going to influence the results of a cost-optimization. Given this condition, the optimal failure probabilities have been derived for a hypothetical dyke-ring with n segments as follows:
Where, a 1 , a 2 , …, a n =marginal costs for the improvement of consequence-segments 1, 2, …, n respectively, V s.1 , V s.2 , …, V s.n =economic losses in scenarios that involve the individual failure of consequence-segments 1, 2,.., n, respectively, and τ=present value multiplier. Although the above approach can be suitable for the determination of optimal failure probabilities in the Dutch dyke-rings, we refrain from showing the results of its application, as the values of the marginal costs (a 1 , a 2 ,…, a n ) are not readily available. In fact, investment cost functions that apply on the level of dyke-rings and dyke-stretches have been approximated (De Grace and Baarse 2011), and have been used for the determination of new protection standards with the OptimaliseRing model (see also Section 2). In order to approximate cost functions on the level of dyke-rings and dyke-stretches, local variations of costs were taken into account; yet, only 50 % of the results of VNK2 were available at the time. For this reason, it is Table 5 Probabilities of flooding scenarios in system with two statistically independent elements Scenario Failures P s.j 1 Segment 1 P(Z 1 <0)−P(Z 1 <0∩Z 2 <0) P 1 −P 1 P 2 2 Segment 2 P(Z 2 <0)−P(Z 1 <0∩Z 2 <0) P 2 −P 1 P 2 3 S e g m e n t s 1 a n d 2 P(Z 1 <0∩Z 2 <0) P 1 P 2 recommended to derive new cost functions per consequence-segment, making use of all information available through VNK2. In such an analysis, the costs for improvements against every individual failure mechanism can be explicitly taken into account (in line with Voortman 2003) . The robustness of the optimization results against possible inaccuracies of the defined cost functions can be tested by means of sensitivity analysis or a Monte Carlo probabilistic analysis. If the results are not robust enough, the consequence-segment could be divided in smaller segments, resulting in a higher number of protection standards per dyke-ring.
Discussion

Association with mitigation and adaptation strategies
The analysis presented in this paper can facilitate the design and inform decisions upon investments in flood prevention. Such investments are an intrinsic part of flood risk mitigation strategies. The effect of sea level rise and economic growth within the selected planning period are taken into account, making this approach suitable for use within the framework of adaptive flood prevention strategies. An indicative conceptual framework for such a strategy and how the presented analysis fits in it are shown in Fig. 7 .
A quantification of the degree of uncertainty in the sea level rise and economic growth projections over time, can help in the choice of a planning period within which the selected future prospects can be considered reasonably accurate. A reasonable accuracy is achieved when possible variations of the projections within the planning period would not cause major changes in the optimization results. The selected planning period and the formal climate change projections can be then used in the economic optimization, which will determine the amounts to be invested in every segment of the flood prevention system. In the end of the planning period, an adaptation of the system to new climate change projections will need to be undertaken by repeating the same analysis.
Global applicability
The theory of Section 3 and the economic optimization of Section 4 are relevant for any flood prevention system, and not only the Dutch dyke-rings. In reality, flood prevention systems with non-homogeneous water retaining elements in a linear set-up can all be considered as series systems. Typical features that indicate non-homogeneity are the existence of various types of structures along the flood protection line, e.g. earthen embankments, concrete walls and storm-surge gates, or different types of load, e.g. coastal flooding from one end and river flooding from the other. The system of the lower Red River delta in Vietnam (see, e.g. Van Mai 2010) , the system of New Orleans in the USA (see, e.g. Kanning 2012), or the coastal defence system of Tokyo metropolitan area in Japan (see, e.g. Hoshino et al. 2012) are good examples of systems where this approach could be applied.
Comparison with the OptimaliseRing approach
Comparing the economic optimization of Section 5 to the approach used for the development of the OptimaliseRing model in the Netherlands, several essential differences can be noticed. In both approaches, the dyke-ring is divided in smaller dyke-segments, and economically optimal failure probabilities are determined for them. The first difference is that, in this paper, an analytical solution is provided instead of the numerical solution provided by OptimaliseRing. This allows for a better understanding of basic system optimization principles and provides easier insight into the effects of the assumptions in the final result. Secondly, dyke-segments of different lengths are optimized. In the presented analysis, optimal probabilities are determined per consequence-segment. This allows for optimal use of the flooding scenarios of VNK2, where partial correlations of failures and the length effect are taken into account. For other systems in the world, where partial correlations cannot be easily estimated, upper and lower bounds of the optimal failure probabilities are provided (see Table 4 ). In the OptimaliseRing approach, optimal probabilities are determined for dyke-stretches that are longer than the consequence-segments (Deltaprogramma 2013 ). The optimization is performed considering a full correlation of failures within the optimized dyke-stretch, leading to larger optimal probabilities than when partial correlations would be considered. Last but not least, the type of optimization is different in the two approaches. The presented analysis comprises a static optimization, where it is assumed that all investments are implemented in the beginning of a pre-defined planning period. Then, the principles of a systems design optimization are followed. This means that the variables of the total cost function are properties of the consequence-segments in a dyke-ring, i.e. structural components of the system. The OptimaliseRing approach comprises a dynamic optimization, where investments can be implemented in various moments throughout a time horizon of over a century, but in which every optimized dyke-stretch is treated individually, and not as the element of a system. This means that the objective function contains two variables, the failure probability of the optimized dyke-stretch and the time interval between consecutive investments.
Conclusions
The development of a new flood risk management policy that is taking place in the Netherlands, calls for new methods for the determination of protection standards. This paper proposes an economic optimization for dyke-ring areas that can assist analysts in this effort, by indicating how to accommodate three important technical factors: the existence of multiple failure mechanisms in the dyke-ring, a spatial variability of the failure probability along its length, and the possibility of occurrence of simultaneous failures in different parts of it.
The existence of multiple failure mechanisms is accommodated by taking into account the costs of reducing the probability of occurrence of each one of them when determining investment cost functions. This is an approach that has been presented in detail in previous studies.
Spatial variability of the failure probability is accommodated by treating the dyke-ring as a series system of separate dyke-segments that may interact with each other. Optimal failure probabilities can be then derived per dyke-segment. In order for such an optimization to be successful, a balance between accuracy and practicality is needed, both in the performance of the optimization process and in the use of standards in policy making. The highest accuracy can be achieved by deriving optimal failure probabilities per homogeneous dyke-section. In the Dutch case, practicality can be achieved by optimizing on the level of consequencesegments instead of on the level of homogeneous sections. This way, a substantial decrease of the number of different protection standards per dyke-ring can be achieved, and the flooding scenarios indicated in the VNK2 project can be straightforwardly used. Yet, such an upscaling approach can have an effect on the accuracy of the used investment functions. In other countries, the balance of practicality and accuracy will be probably determined by the availability of data.
The possibility of simultaneous failures in different parts of the dyke-ring can be accommodated after the determination of all possible flooding scenarios. This information is available for the Dutch dyke-rings through the VNK2 project. However, simultaneous failures do not influence the optimization result as long as they produce losses that are lower than 1000 times the losses of individual failures. In this case, which proves to be true for all dyke-rings in the Netherlands, explicit analytical formulae for the optimal failure probabilities have been suggested.
According to the derived formulae, the optimal failure probabilities of dyke-segments are proportional to their marginal investment costs, i.e. the costs for a marginal decrease of their failure probability, and inversely proportional to the losses that their failures produce. In all cases, it would be useful to check the robustness of the optimization results against inaccuracies associated with the determination of the investment cost functions.
The procedure described in this paper is intrinsic part of mitigation and adaptation strategies for flood prevention that opt for a balance between cost and safety, and is applicable worldwide. Specifically in the Netherlands, the approach can aid in the determination of new protection standards with the year 2050 as target year, i.e. for the period recommended by the Delta Committee (2008). Moreover, it can guide possible improvements of the already developed numerical optimization model, OptimaliseRing.
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